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a b s t r a c t
A graph G is 2-stratified if its vertex set is partitioned into two nonempty classes (each of
which is a stratumor a color class).We color the vertices in one color class red and the other
color class blue. Let F be a 2-stratified graph with one fixed blue vertex v specified. We say
that F is rooted at v. The F-domination number of a graph G is the minimum number of
red vertices of G in a red–blue coloring of the vertices of G such that for every blue vertex
v of G, there is a copy of F in G rooted at v. In this paper, we survey recent results on the
F-domination number for various 2-stratified graphs F .
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
The study combining stratification and domination in graphs was started by Chartrand et al. [5]. A graph G = (V , E)
together with a fixed partition of its vertex set V into nonempty subsets is called a stratified graph. If the partition is
V = {V1, V2}, then G is a 2-stratified graph and the sets V1 and V2 are called the strata or sometimes the color classes of
G. We ordinarily color the vertices of V1 red and the vertices of V2 blue. In [29], Rashidi studied a number of problems
involving stratified graphs; while distance in stratified graphs was investigated in [2,3,6].
Let G = (V , E) be a graphwith vertex set V and edge set E, and let S ⊆ V . The set S is a dominating set (DS) if every vertex
in V \ S is adjacent to at least one vertex of S. The set S is a total dominating set (TDS) if every vertex in V is adjacent to at
least one vertex of S, while S is a restrained dominating set (RDS) if every vertex not in S is adjacent to a vertex in S and to a
vertex in V \ S. If S is simultaneously a TDS and a RDS, then S is a total restrained dominating set (TRDS) of G. The set S is a
k-dominating set if every vertex not in S is adjacent to at least k vertices in S. The domination number of G, denoted by γ (G),
is the minimum cardinality of a dominating set. A dominating set of G of cardinality γ (G) is called a γ (G)-set. We denote
the total domination, restrained domination, total restrained domination and k-domination numbers of G by γt(G), γr(G),
γtr(G) and γk(G), respectively.
The concept of domination in graphs, with its many variations, has been well studied in graph theory. The literature on
this subject has been surveyed and detailed in the two books by Haynes, Hedetniemi, and Slater [19,20]. Total domination in
graphs was introduced by Cockayne, Dawes, and Hedetniemi [8], while restrained domination was introduced by Telle and
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Fig. 1. The daisies D(3, 5), D(4, 4) and D3(5).
Fig. 2. The dumbbells Db(5, 4, 0) and Db(5, 5, 1).
Proskurowski [30], albeit indirectly, as a vertex partitioning problem. The concept of total restrained domination in graphs
was also introduced in [30], albeit indirectly, as a vertex partitioning problem and has been studied, for example, in [18,27,
31,32]. The concept of k-domination in graphs was introduced and studied by Fink and Jacobson [12].
1.1. Notation
For notation and graph theory terminology we follow in general [19,7]. Specifically, let G = (V , E) be a graphwith vertex
set V of order n = |V | and edge set E of size m = |E|. For a set S ⊆ V , the subgraph induced by S is denoted by G[S]. The
minimum degree (respectively, maximum degree) among the vertices of G is denoted by δ(G) (respectively,∆(G)).
A star is the tree K1,n−1 of order n ≥ 2. A subdivided star is a star where each edge is subdivided exactly once. A cycle
on n vertices is denoted by Cn and a path on n vertices by Pn. A daisy with k ≥ 2 petals is a connected graph that can be
constructed from k ≥ 2 disjoint cycles by identifying a set of k vertices, one from each cycle, into one vertex. In particular, if
the k cycles have lengths n1, n2, . . . , nk, we denote the daisy by D(n1, n2, . . . , nk). Further, if n1 = n2 = · · · = nk, then we
write D(n1, n2, . . . , nk) simply as Dk(n1). The daisies D(3, 5), D2(4) and D3(5) = D(5, 5, 5) are shown in Fig. 1.
For integers n1 ≥ n2 ≥ 3 and k ≥ 0, we define a dumbbell Db(n1, n2, k) to be the graph of order n = n1 + n2 + k
obtained from the cycles Cn1 and Cn2 by joining a vertex of Cn1 to a vertex of Cn2 and subdividing the resulting edge k times.
The dumbbells Db(5, 4, 0) and Db(5, 5, 1) are shown in Fig. 2.
For a graph H , we denote by H ◦ P2 the graph of order 3|V (H)| obtained from H by attaching a path of length 2 to each
vertex of H so that the resulting paths are vertex-disjoint. The graph H ◦ P2 is also called the 2-corona of H .
2. A new framework for domination
In [5] a new mathematical framework for studying domination is presented. Let F be a 2-stratified graph with one fixed
blue vertex v specified. We say that F is rooted at the blue vertex v. An F-coloring of a graph G is defined in [5] to be a
red–blue coloring of the vertices of G such that every blue vertex v of G belongs to a copy of F (not necessarily induced in G)
rooted at v. The F-domination number γF (G) of G is the minimum number of red vertices of G in an F-coloring of G. In [5],
an F-coloring of G that colors γF (G) vertices red is called a γF -coloring of G. The set of red vertices in a γF -coloring is called
a γF -set. If G has order n and G has no copy of F , then certainly γF (G) = n.
Let F be a K2 rooted at a blue vertex v that is adjacent to a red vertex. An F-coloring of G is then a red–blue coloring of the
vertices of Gwith the property that every blue vertex is adjacent to a red vertex. Thus the red vertices of G correspond to a
dominating set of G. Hence, γ (G) ≤ γF (G). On the other hand, given a γ (G)-set of Gwe color the vertices in this set red and
all remaining vertices blue. This red–blue coloring of the vertices of G has the property that every blue vertex is adjacent to
a red vertex and is therefore an F-coloring of G (where F is a 2-stratified K2). Thus we have the following observation in [5].
Observation 1 ([5]). If F is a 2-stratified K2 rooted at a blue vertex that is adjacent to a red vertex, then γF (G) = γ (G).
Observation 1 shows that domination can be interpreted as restricted 2-stratifications or 2-colorings, with the red
vertices forming the dominating set. This framework encapsulates many types of domination related parameters, including
the domination, total domination, restrained, total restrained, and k-domination numbers. The framework places the
domination number in a new perspective and suggests many other parameters of a graph which are related in some way
to the domination number. A detailed discussion of other mathematical frameworks for the domination number of a graph
can be found in Chapter 11 in [19].
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Fig. 3. The five 2-stratified graphs P3 .
Fig. 4. The graph G = P4 ◦ K1 .
This new mathematical framework for studying domination was developed by Gary Chartrand. It is our aim in this
paper to honor Professor Chartrand by presenting a survey of stratified domination in graphs. Part of the rationale for this
framework introduced by Chartrand is the following. Graph theorists often study sets of vertices (or sets of edges) having
some property of interest; that is, sets of a given type. In such studies they are interested in finding a largest possible set
of this type, or a minimum possible set of this type. Let us suppose that the property in question naturally presupposes us
to seek a largest possible set of this type in a graph G. What makes a set S of this type maximal? It must be the case that
no superset of S is of this type. If the property in question is hereditary, then the question of maximality is equivalent to
the question of adding a single vertex to S, that is, adding any vertex to S creates a set not having this property. Does this
mean that every vertex is adjacent to at least one vertex in S? Usually, yes. If the property is preserved under the addition of
a single vertex not adjacent to any vertex in S (call this an S-isolated vertex), then every maximal set having this property
must be some type of dominating set.
Thus, all sets S that are maximal with respect to an hereditary property that is preserved under the addition of an S-
isolated vertex are dominating sets of some type. In this way the red vertices are the vertices in S, and the blue vertices are
the vertices in V \ S. Notice, that in this view, the addition of a single (non-S-isolated) vertex to a maximal set will create a
subgraph of some type having precisely one blue vertex and all of the others will be red vertices (and the blue vertex must
be adjacent to at least one of the red vertices). In this way, one produces a natural 2-stratification.
The class of hereditary properties that are preservedunder S-isolated unions usually includes properties that are specified
by saying that the induced subgraph G[S] does not contain a subgraph of a given type, for example, G[S] does not contain a
path or cycle of length greater than some fixed integer k, G[S] does not have a vertex of degree more than k, G[S] does not
have a complete graph or an independent set of order more than k, or G[S] has diameter at most k.
In Section 3, we present results on 2-stratified P3. In Section 4, 2-stratified K3 are discussed. Results on 2-stratified claws
are presented in Section 5. In Section 6, we survey results on 2-stratified C4. Extensions to multiple 2-stratified graphs are
considered in Section 7. We conclude with a survey of results on stratified domination in oriented graphs in Section 8.
3. 2-stratified P3
Let F be a 2-stratified P3 rooted at a blue vertex v. The five possible choices for the graph F are shown in Fig. 3. (The red
vertices in Fig. 3 are darkened.)
An example of a γF -coloring of G = P4 ◦ K1 (the darkened vertices are the red vertices) is illustrated in Fig. 4 where
F ∈ {F1, F2, . . . , F5}.
For i ∈ {1, 2, 4, 5}, the parameters γFi(G) are well-known domination type parameters.
Theorem 2 ([5]). Let G be a connected graph of order at least 3.
(a) If F = F1, then γF (G) = γt(G).
(b) If F = F2, then γF (G) = γ (G).
(c) If F = F4, then γF (G) = γr(G).
(d) If F = F5, then γF (G) = γ2(G).
Proof. Since (b) is a fundamental result in stratified domination, we present the proof of (b) presented in [5]. Let F = F2. We
show that γF (G) = γ (G). The red vertices in any γF -coloring of G form a dominating set of G, and so γ (G) ≤ γF (G). Among
all γ (G)-sets, let S be chosen so that the red–blue coloring associated with S contains themaximum number of blue vertices
v that belong to a copy of F rooted at v. We claim that this is an F-coloring of G. Assume, to the contrary, that there is a blue
vertex v that does not belong to a copy of F rooted at v. Since S is a dominating set of G, v is adjacent to red vertex w. By
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Fig. 5. A tree T3 in the family T .
assumptionw is not adjacent to any blue vertex other than v. If v is adjacent to some other blue vertex u, then interchanging
the colors of v andw produces a γ (G)-set whose associated red–blue coloring contains more blue vertices v that belong to a
copy of F rooted at v than does the associated coloring of S, a contradiction. Hence, v is adjacent to no other blue vertex. If v
is adjacent to a red vertex x different fromw, then x is, by assumption, not adjacent to any blue vertex other than v. But then
(S − {w, x}) ∪ {v} is a dominating set of G, contradicting the minimality of S. Hence, v must have degree 1 in G. Since G has
order at least 3,w is adjacent to some other red vertex y, say. The minimality of S implies that ymust be adjacent to a blue
vertex z whose only red neighbor is y. But then interchanging the colors of v and w produces a γ (G)-set whose associated
red–blue coloring contains more blue vertices v that belong to a copy of F rooted at v than does the associated coloring of
S, a contradiction. Hence every blue vertex v must belong to a copy of F rooted at v. This implies that the red–blue coloring
associated with S is an F-coloring of G, and so γF (G) ≤ γ (G). Consequently, γF (G) = γ (G). 
3.1. The parameter γF3
The parameter γF3(G) (see Fig. 3) appears to be new. As pointed out in [5], F3-domination is not the same as the distance
domination parameter called k-step domination introduced in [28]. A set S ⊆ V is a k-step dominating set if for every vertex
u ∈ V \S, there exists a path of length k from u to some vertex in S. The k-step domination number is theminimum cardinality
of any k-step dominating set of G. The difference in 2-step domination and F3-domination is that in F3-domination every
blue vertex must have a blue–blue–red path (of length two) to some red vertex. Thus, every F3-dominating set is a 2-step
dominating set, but not every 2-step dominating set is an F3-dominating set. If T is a star K1,n−1 of order n ≥ 3, then
γF3(T ) = n since the central vertex of T must be colored red in any F3-coloring of T . However the 2-step domination number
of T equals 2 (the set consisting of the central vertex and any leaf of T is a 2-step dominating set of T ). A survey of results on
distance domination in graphs can be found in Section 7.4 of [19]. For a more comprehensive survey, the reader is referred
to [21].
Since the 2-stratified graph F3 contains exactly one red vertex, 1 ≤ γF3(G) ≤ n for every connected graph G of order n.
The following result was presented in [16].
Theorem 3 ([16]). Let G be a connected graph of order n ≥ 3. Then:
(a) γF3(G) = n if and only if G = K1,n−1,
(b) γF3(G) = 1 if and only if G contains a vertex u such that N(u) is a total dominating set of G. In this case, the red–blue coloring
of G defined by assigning red to u and blue to the remaining vertices of G is an F3-coloring of G.
3.1.1. Trees
Next we consider the F3-domination number of a tree. The F3-domination number of a path Pn on n vertices is established
in [23].
Proposition 4 ([23]). For n ≥ 1, γF3(Pn) =
⌊ n+7
3
⌋+ ⌊ n3⌋− ⌈ n3⌉.
By Theorem 3, if G is a nontrivial bipartite graph, then γF3(G) ≥ 2. In particular, if T is a tree of order n ≥ 3, then
γF3(T ) ≥ 2. The next result characterizes all trees of order at least 3 with F3-domination number 2 (see [16]). A double star
T is a tree of diameter 3.
Theorem 5 ([16]). Let T be a tree of order at least 3. Then γF3(T ) = 2 if and only if T is a double star.
An upper bound on the F3-domination number of a tree in terms of its order and a characterization of the trees attaining
this bound is established in [23]. To state these results, we define a family T of trees as follows. Let T1 = P6 and for k ≥ 2,
let Tk be the tree obtained from the disjoint union of a star K1,k+1 and a subdivided star K ∗1,k by joining a leaf of the star to
the central vertex of the subdivided star. The tree T3 is illustrated in Fig. 5. Let T = {Tk | k ≥ 1}. Every tree T ∈ T has
diam(T ) = 5.
Theorem 6 ([23]). If T is a tree of order n with diam(T ) ≥ 3, then γF3(T ) ≤ 2n/3 with equality if and only if T ∈ T .
As a consequence of Theorem 6, we have the following result.
Corollary 7. If G 6= K1,n−1 is a connected graph of order n ≥ 3, then γF3(G) ≤ 2n/3.
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Proof. Let T be a spanning tree of G. Let c be a minimum F3-coloring of T (that colors γF3(T ) vertices red). Then each blue
vertex u of T belongs to a copy of F3 rooted at u in T . Thus each blue vertex u of G belongs to a copy of F3 rooted at u in G.
Hence, c is an F3-coloring ofG, and so γF3(G) ≤ γF3(T ). Since n ≥ 3,we have that diam(T ) ≥ 2. On the one hand, suppose that
diam(T ) = 2. Then, T is a star K1,n−1. Since G 6= K1,n−1, there is an edge of G that joins two leaves, say u and v, of the star T .
Coloring v red and all remaining vertices blue produces an F3-coloring of G. Hence if diam(T ) = 2, then γF3(G) = 1 < 2n/3.
On the other hand, if diam(T ) ≥ 3, then by Theorem 6, γF3(T ) ≤ 2n/3. Hence, γF3(G) ≤ γF3(T ) ≤ 2n/3. 
The following result can also be found in [23].
Proposition 8 ([23]). If T is a tree of order n with diam(T ) ≥ 6, then γF3(T ) < 2n/3, and this bound is asymptotically the best
possible.
3.1.2. Realization results
Realization results for the parameter γF3 can be found in [16]. As shown in Theorem 3, if G is a connected graph of order
n, then 1 ≤ γF3(G) ≤ n. So a natural problem is to determine those pairs k, n of positive integers with 1 ≤ k ≤ n that can
be realized as the F3-domination number and the order, respectively, of some connected graph. The following two results
appear in [16].
Theorem 9 ([16]). Let n ≥ 7. If k is an integer with 1 ≤ k ≤ bn/2c+1 or k = n, then there exists a connected graph G of order
n with γF3(G) = k.
Theorem 10 ([16]). There is no connected graph G of order n ≥ 7 such that γF3(G) = n− 1 or γF3(G) = n− 2.
Using a similar construction to that used to build the family T described in Section 3.1.1, we have the following result.
Theorem 11. For every pair k, n of integers with 4 ≤ k ≤ 2n/3, there exists a tree Tk of order n with γF3(Tk) = k.
Proof. Let α be a nonnegative integer. If k is even, let Tk be the graph obtained from the disjoint union of a star K1, k2+α and
a subdivided star K ∗
1, k2−1
by joining a leaf of the star to the central vertex of the subdivided star. If k is odd, then let Tk be the
graph obtained from the disjoint union of a star K1, k+12 +α and a subdivided star K
∗
1, k−12 −1
, and a copy of K1 (say vertexw), by
joining a leaf of the star to the central vertex of the subdivided star, and joining w to a vertex adjacent to a support vertex
in the subdivided star K ∗
1, k−12 −1
. In both cases, γF3(G) = k. Note that if α = 0 and k is even, then Tk ∈ T and k = 2n/3. 
For every nontrivial connected graph G, γ (G) ≤ γt(G). Other than this requirement, there is no other restriction on the
relative values of γ (G), γt(G), and γF3(G). That is, it is possible that (i) γF3(G) ≤ γ (G) ≤ γt(G), (ii) γ (G) ≤ γt(G) ≤ γF3(G),
or (iii) γ (G) ≤ γF3(G) ≤ γt(G). Since γ (G) ≤ γt(G) ≤ 2γ (G) and γt(G) ≥ 2 for every nontrivial connected graph G, no triple
(a, b, c) of positive integers with a > b, b > 2a, or b = 1 can be realized, respectively, as the domination number, the total
domination number, and the F3-domination number of any connected graph. On the other hand, the following result was
established in [14].
Theorem 12 ([14]). Let (a, b, c) be a triple of positive integers with a ≤ b ≤ 2a and b ≥ 2. Then there exists a connected graph
G with γ (G) = a, γt(G) = b, and γF3(G) = c if and only if (a, b, c) 6= (k, k, c) for any integers k and c with 2 ≤ k < c.
3.1.3. Bounds in terms of other parameters
In this subsectionwe present bounds on the F3-domination number of a graph in terms of its order and somewell-known
parameters. The clique number ω(G) of a graph G is the maximum order among the complete subgraphs of the graph.
Theorem 13 ([13]). If G is a connected graph with order n ≥ 4 and clique number ω(G), where 3 ≤ ω(G) ≤ n − 1, then
γF3(G) ≤ n− ω(G).
The upper bound in Theorem 13 is attainable for every connected graph G of order n ≥ 4 with ω(G) = n − 1 or
ω(G) = n − 2. On the other hand, the upper bound is not attainable if ω(G) = n − 3 for n ≥ 6. Furthermore, it was
shown in [13] that if G is a connected graph of order n ≥ 6 and ω(G) = 3, then γF3(G) 6= n− ω(G).
Theorem 14 ([13]). If G is a connected graph of order n ≥ 3 and diameter d ≥ 2, then
γF3(G) ≤ n−
⌊
2(d+ 1)
3
⌋
+ (dmod 3).
For a fixed integer n ≥ 3, the upper bound in Theorem 14 is attainable for d = 2 or d = n − 1, as well as some other
values of d.
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(a) A2(4). (b) A2(5).
Fig. 6. The graphs A2(4) and A2(5) in the familyA.
Fig. 7. The five graphs B1 , B2 , B3 , B4 and B5 in the familyB.
The girth g(G) of a graph G (with cycles) is the length of a shortest cycle in G. An upper bound has been established for
γF3(G) of a connected graph G in terms of its order and girth in [13].
Theorem 15 ([13]). If G is a connected graph of order n ≥ 3 with girth g(G) ≥ 3, then
γF3(G) ≤ n− 2
⌊
g(G)
3
⌋
.
Furthermore, the equality holds in this bound if and only if G = Cn.
By Theorem 15, if G is a connected graph of order n ≥ 3 and girth g such that 3 ≤ g < n, then γF3(G) ≤ n− 2 bg/3c− 1.
Moreover, this upper bound cannot be improved. The following upper bound for certain classes of graphs was established
in [13].
Theorem 16 ([13]). Let G be a connected graph of order n ≥ 3.
(a) If G contains a Hamiltonian path, then γF3(G) ≤ dn/3e + ((n+ 2)mod 3).
(b) If G is Hamiltonian, then γF3(G) ≤ bn/3c + (nmod 3).
An upper bound for the F3-domination number of a nonstar graph was established in terms of its order and maximum
degree.
Theorem 17 ([13]). If G is a connected graph of order n ≥ 3 that is not a star, then γF3(G) ≤ n−∆(G), and this bound is sharp.
3.1.4. Minimum degree at least two
Upper bounds on the F3-domination number of a connected graphwithminimumdegree at least two in terms of the order
of the graph are presented in [24]. Following the notation in [24], we will refer to a graph G of order n as an F3-minimal
graph if G is edge-minimal with respect to satisfying the following three conditions: (i) δ(G) ≥ 2, (ii) G is connected, and
(iii) γF3(G) ≥ (n− 1)/2. In order to present the characterization of F3-minimal graphs, we define four families of graphs.
Let A1(4) = Db(5, 4, 0) and A1(5) = Db(5, 5, 1) be the two dumbbells shown in Fig. 2. For k ≥ 2, let Ak(4) be the graph
obtained from a daisy Dk(5) by adding a 4-cycle and joining the central vertex of the daisy to a vertex of the added 4-cycle.
The graph A2(4) is shown in Fig. 6(a). For k ≥ 2, let Ak(5) be the graph obtained from a daisy Dk(5) by adding a 5-cycle and
then adding a new vertex and joining it to the central vertex of the daisy and to a vertex of the added 5-cycle. The graph
A2(5) is shown in Fig. 6(b). LetA = {Ak(4) | k ≥ 1} ∪ {Ak(5) | k ≥ 1}.
LetB = {B1, B2, B3, B4, B5}where B1, B2, B3, B4 and B5 are the five graphs shown in Fig. 7.
Next we define a subfamily C of cycles and a subfamilyD of daisies by
C = {C3, C4, C5, C7, C8, C11}
and
D = {Dk(5) | k ≥ 2} ∪ {D(3, 5),D(4, 4)}.
The following result characterizes F3-minimal graphs.
Theorem 18 ([24]). A graph G is an F3-minimal graph if and only if G ∈ A ∪B ∪ C ∪D .
Let H1 (respectively, H2) be the graph obtained from C8 (respectively, C11) by adding an edge joining two vertices at
distance four apart on the cycle. The graphs H1 and H2 are shown in Fig. 8.
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Fig. 8. The graphs H1 and H2 .
Fig. 9. The two 2-stratified graphs K3 .
As a consequence of Theorem18, the authors in [24] established the following upper bound on the F3-domination number
of a connected graph with minimum degree at least two in terms of the order of the graph.
Theorem 19 ([24]). If G is a connected graph of order n with δ(G) ≥ 2, then γF3(G) ≤ (n− 1)/2 unless G ∈ {B2, C4, C8,H1},
in which case γF3(G) = n/2, or G = C5, in which case γF3(G) = (n+ 1)/2.
The next result provides a characterization of connected graphs with minimum degree at least two and of sufficiently
large order with maximum possible F3-domination number.
Theorem 20 ([24]). If G is a connected graph of order n ≥ 9with δ(G) ≥ 2, then γF3(G) ≤ (n− 1)/2with equality if and only
if G ∈ A ∪ (D \ {D(3, 5),D(4, 4)}) or G ∈ {B4, B5, C11,H2}.
4. 2-stratified K3
The two 2-stratified graphs K3 rooted at a blue vertex v are shown in Fig. 9, where the red vertices are indicated by
darkened vertices.
Obviously, in any F6-coloring or F7-coloring of G, every vertex not on a triangle of Gmust be colored red. Thus we have
the following observation.
Observation 21 ([5]). For any graph G of order n, γF6(G) = γF7(G) = n if and only if G is triangle-free.
As remarked in [5], the parameters γF6 and γF7 are not comparable. Note that any γF7-set is also a restrained dominating
set and any γF6-set is also a 2-dominating set, and so γr(G) = γF4(G) ≤ γF7(G) and γ2(G) = γF5(G) ≤ γF6(G) for any graph
G.
A sharp upper bound on γF6(G) in terms of the order of the graph G is established in [5].
Theorem 22 ([5]). If G is a graph of order n in which every vertex is in a triangle, then γF6(G) ≤ 2n/3, and this bound is sharp.
Obviously, γ (G) ≤ γF7(G) for any graph G. The independent domination number of G, denoted by i(G), is the minimum
cardinality of a dominating set in G that is independent. An independent dominating set of G of cardinality i(G) is called an
i(G)-set. Let G be a graph with every edge on a triangle, and let S be an i(G)-set. Color each vertex in S red and all remaining
vertices blue. Then every blue vertex is adjacent to a red vertex. Since every edge is on a triangle and S is an independent
set, each blue vertex is rooted in a copy of F7. Hence, our red–blue coloring associated with S is an F7-coloring of G, and so
γF7(G) ≤ i(G). Hence we have the following observation in [5].
Observation 23 ([5]). If G is a graph with every edge on a triangle, then
γ (G) ≤ γF7(G) ≤ i(G).
As remarked in [5], Observation 23 does not hold if the condition is lessened to require only that every vertex is contained
in a triangle. If γ (G) = 1, then γ (G) = γF7(G) = i(G) for all graphs G where every edge is on a triangle. For every
triple (a, b, c) of integers with 2 ≤ a ≤ b ≤ c , there exists a graph G with domination, F7-domination, and independent
domination numbers a, b, and c , respectively.
Proposition 24 ([5]). For each triple (a, b, c) of integers with 2 ≤ a ≤ b ≤ c, there is a connected graph G with every edge on
a triangle having γ (G) = a, γF7(G) = b, and i(G) = c.
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Fig. 10. The distinct 2-stratified claws rooted at a blue vertex v.
The following upper bound on γF7(G) in terms of the order of the graph G is established in [5].
Theorem 25 ([5]). If G is a graph of order n in which every vertex is in a triangle, then γF7(G) < n/2, and this bound is
asymptotically the best possible.
The following conjecture can be found in [23].
Conjecture 1 ([23]). If G is a graph of order n in which every vertex is in a triangle, then
γF7(G) ≤
n
2
− 1
8
(√
8n+ 1− 1
)
.
If Conjecture 1 is true, then the upper bound is sharp as may be seen with the following family of graphs. For t ≥ 2 even,
let G be the graph of order n = t + ( t2 ) obtained from a complete graph Kt on t vertices as follows: for each edge of Kt , add
a new vertex adjacent to its incident vertices. It is shown in [23] that
γF7(G) =
t2
4
= n
2
− 1
8
(√
8n+ 1− 1
)
.
We close this section with the remark that Conjecture 1 is shown in [23] to be true for graphs with small domination
number relative to their order. More precisely, if G is a graph of order n in which every vertex is in a triangle satisfying
2b(γ (G)+ 1)/2c ≤ (√8n+ 1− 1)/4, then Conjecture 1 is true.
5. 2-stratified claws
By a claw, we mean the graph K1,3. There are eight possible choices for a 2-stratified claw rooted at a blue vertex v. These
graphs are shown in Fig. 10. By a prism, we mean the Cartesian product Cn × K2 of an n-cycle and the complete graph of
order 2, where n ≥ 3. The ‘‘claw domination’’ for prisms has been studied in [4].
Theorem 26 ([4]). For n ≥ 3, let G be the prism Cn × K2. Then,
(a) γY1(G) = 2 dn/4e.
(b) γY2(G) = 2 dn/3e.
(c) γY3(G) = n.
(d) γY4(G) =
{
2 dn/5e if n ≡ 0, 3, 4 (mod 5) or n ≡ 2, 6 (mod 10),
2 dn/5e − 1 if n ≡ 1, 7 (mod 10).
(e) γY5(G) = 2 dn/2e.
(f) γY6(G) =
{
2 if n = 3 or n ≡ 2, 6 (mod 10),
2 bn/4c + i if n ≥ 4 and n ≡ i (mod 4).
(g) γY7(G) = 2 dn/2e.
A set S of vertices in a graph G is called a packing set for G if the distance between every two vertices of S in G is at
least 3. The packing number ρ(G) is the cardinality of a maximum packing set. The following results give bounds for some
Yi-domination number of an arbitrary cubic graph in terms of its packing number.
Theorem 27 ([4]). For every cubic graph G of order n, ρ(G) ≤ γY1(G) ≤ n− 3ρ(G).
Theorem 28 ([4]). If G is a cubic graph, then γY6(G) ≥ ρ(G).
5814 T.W. Haynes et al. / Discrete Mathematics 309 (2009) 5806–5819
Fig. 11. The five 2-stratified C4 .
6. 2-stratified C4
Let X be a 2-stratified C4 rooted at a blue vertex v. The five possible choices for the graph X are shown in Fig. 11. (The red
vertices in Fig. 11 are darkened.)
6.1. Stratification in prisms
The X-domination number of a prism when X is a 2-stratified cycle C4 was determined in [25].
Theorem 29 ([25]). For n ≥ 3, let G be the prism Cn × K2. Then,
(a) γX1(G) = bn/2c + dn/4e − bn/4c.
(b) γX2(G) = 2n, unless n = 4 in which case γX2(G) = 2.
(c) γX3(G) = n.
(d) γX4(G) = 2dn/3e.
(e) γX5(G) = d4n/3e.
The relationship between the X-domination numbers of a prism and domination type parameters is also determined
in [25]. Note that in all but one of the five possible choices for a 2-stratified C4 (see Fig. 11), the red vertices form a dominating
set in the graph.
For a graph G = (V , E) and a subset S ⊆ V , we say that a vertex v ∈ V is total double dominated by S if |N(v) ∩ S| ≥ 2.
If every vertex of V is total double dominated by S, then we call S a total double dominating set (TDDS) of G. The total double
domination number γ t×2(G) is the minimum cardinality of a TDDS of G.
Theorem 30 ([25]). For n ≥ 3, let G be the prism Cn × K2. Then,
1. γX1(G) = γ (G).
2. γX3(G) = γ2(G).
3. γX4(G) = γt(G)+ 1 if n ≡ 1 (mod 6); otherwise, γX4(G) = γt(G).
4. γX5(G) = γ t×2(G)− 1 if n ≡ 2 (mod 6); otherwise, γX5(G) = γ t×2(G).
7. Extensions
The concepts of stratification and domination in graphs may be extended in a number of ways. In [5], the following
extension is considered.
Let F = {F1, . . . , Fm}, where Fi, 1 ≤ i ≤ m, is a 2-stratified graph rooted at some blue vertex v. We remark that the 2-
stratified graphs Fi are not necessarily disjoint (except at the root v).Wedefine anF -coloring of a graphG to be a red–blue
coloring of the vertices of G such that every blue vertex v of G belongs to a copy of Fi rooted at v for every i = 1, . . . ,m.
We define the F -domination number γF (G) of G as the minimum number of red vertices of G in an F -coloring of G, and
we define a γF -coloring of G as an F -coloring of G that colors γF (G) vertices red.
In this section, we takeF = {F1, F4}, where F1 and F4 are the 2-stratified graphs shown in Fig. 3. Hence in ourF -coloring
of a graph G, for every blue vertex v there is both a copy of F1 rooted at v and a copy of F4 rooted at v. We remark that our
F -coloring can be thought of as a 2-stratified P4 coloring: If F is a 2-stratified P4 given by v1, v2, v3, v4 where v1 and v2
are colored blue and v3 and v4 are colored red that is rooted at the blue vertex v = v2, then our F -coloring is precisely an
F-coloring.
TheF -domination number is bounded belowby the restrained domination number and by the total domination number,
and is bounded above by the total restrained domination number.
Proposition 31 ([26]). For every graph G without isolated vertices,
max{γr(G), γt(G)} ≤ γF (G) ≤ γtr(G).
In a graph with maximum degree 2, the red vertices in every F -coloring always form a TRDS in the graph. Thus, by
Proposition 31, for every cycle G, γF (G) = γtr(G). The F -domination number of a cycle is straightforward to compute.
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Fig. 12. A tree T .
Observation 32 ([26]). For n ≥ 3 and for i = 0, 1, 2, 3, γF (Cn) = (n+ i)/2 where n ≡ i (mod 4).
Let T be the tree obtained from two disjoint paths P6 by joining a vertex at distance 2 from a leaf on one path to a vertex
at distance 2 from a leaf on the other path, and then subdividing the resulting edge once. Then, γtr(T ) = 10, γF (T ) = 9,
γt(T ) = 8, and γr(T ) = 7 as illustrated in Fig. 12. Thus the bounds in Proposition 31 can be strict even for the family of trees.
First we consider a bound on γF involving the maximum degree∆. Let G be a connected graph of order n and maximum
degree∆. Berge [1] was the first to observe that γ (G) ≤ n−∆, and graphs achieving this bound were characterized in [11].
Cockayne, Dawes and Hedetniemi [8] observed that if n ≥ 3 and ∆ ≤ n − 2, then γt(G) ≤ n − ∆. Recently it was shown
in [9] that if δ(G) ≥ 2, then γr(G) ≤ n−∆. Hence if δ(G) ≥ 2, then both the total domination and the restrained domination
numbers are bounded above by n−∆. The following result is established in [26].
Theorem 33 ([26]). If G is a connected graph of order n, size m, maximum degree ∆ where ∆ ≤ n − 2, and minimum degree
at least 2, then
γF (G) ≤ n−∆+ 1,
and this bound is sharp.
That the upper bound of Theorem 33 is sharp, may be seen as follows. For t ≥ 2 an integer, let G be the graph constructed
from t disjoint 6-cycles by identifying a set of t vertices, one from each cycle, into one vertex v and then joining v to
every vertex at distance 2 from it in the resulting graph. Then, G has order n = 5t + 1, maximum degree ∆ = 4t , and
γF (G) = t + 2 = n−∆+ 1.
Next we consider a bound on γF involving the order of the graph. Let G be a connected graph of order n and minimum
degree δ(G) ≥ 2. It is shown in [22] that γt(G) ≤ 4n/7, unless G ∈ {C3, C5, C6, C10}. Domke et al. [10] showed that
γr(G) ≤ (n − 1)/2, apart for eight exceptional graphs (one of orders four, five and six, and five of order eight). An upper
bound on the F -domination number of a connected graph with minimum degree at least two in terms of only the order of
the graph is established in [26].
Theorem 34 ([26]). If G 6= C7 is a connected graph of order n ≥ 4 with minimum degree at least 2, then γF (G) ≤ 2n/3.
It is remarked in [26] that the bound of Theorem 34 is attainable as can be seen, for example, with the cycle C6. However
the authors in [26] do not know of any infinite family of graphs which achieves this upper bound.
We close this section with the following extended framework for stratified domination in graphs.
Let F = {F1, . . . , Fk}, where Fi, 1 ≤ i ≤ k, is a 2-stratified graph rooted at some blue vertex v. We define an F ∗-coloring
of a graph G to be a red–blue coloring of the vertices of G such that every blue vertex v of G belongs to a copy of Fi rooted
at v for at least one value of i, 1 ≤ i ≤ k. We define the F ∗-domination number γF ∗(G) of G as the minimum number
of red vertices of G in an F ∗-coloring of G, and we define a γF ∗-coloring of G as an F ∗-coloring of G that colors γF ∗(G)
vertices red.
For example, for i = 1, 2, . . . , k, if Fi denotes a 2-stratified path Pi+1 rooted at a blue vertex which is a leaf of the path,
with the other leaf colored red and with all internal vertices of the path colored blue, then an F ∗-coloring of the graph G
corresponds to a distance k-dominating set of G, where k-dominating set of G = (V , E) is a set S ⊂ V such that every vertex
of V \ S is within distance k from at least one vertex of S in G.
8. Stratified domination in oriented graphs
The concept of stratified domination was extended to oriented graphs in [17]. An oriented graph whose vertex set is
partitioned into two subsets is called a 2-stratified oriented graph, where the vertices of one subset are considered to be
colored red and those in the other subset are colored blue. For an oriented graph D = (V , A) with vertex set V and arc set
A, a red–blue coloring of D is a coloring in which every vertex is colored red or blue. It is acceptable if all vertices of D are
colored the same. If there is at least one vertex of each color, then the red–blue coloring of D produces a 2-stratification of
D. Let F be a (connected) 2-stratified oriented graph rooted at some blue vertex. An F-coloring of an oriented graph D is a
red–blue coloring of the vertices of D in which every blue vertex v belongs to a copy F ′ of F rooted at v in D. In this case, v
is said to be F-dominated by some red vertex in F ′. The F-domination number γF (D) is the minimum number of red vertices
in an F-coloring of D. The set of red vertices in an F-coloring c of D is also called an F-dominating set of D and is denoted
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Fig. 13. Two 2-stratified oriented graphs of EP2 .
Fig. 14. Six 2-stratifications of EP3 .
by Rc . If |Rc | = γF (D), then c is a minimum F-coloring of D and Rc is a minimum F-dominating set of D. The F-domination
number of every oriented graph D = (V , A) is defined since V is an F-dominating set. Therefore, if F has r red vertices,
then r ≤ γF (D) ≤ n for every oriented graph D of order n ≥ r . Furthermore, if D has no subdigraph isomorphic to F , then
γF (D) = n.
As with graphs, the most studied type of domination in digraphs can be defined in terms of an appropriately chosen
rooted 2-stratified digraph. If F is a connected 2-stratified oriented graph of order 2, then F is one of the 2-stratifications of
EP2 in Fig. 13, where the solid vertices are red vertices and empty vertices are blue vertices. In each case, the F-domination
number is a well-known domination parameter in digraphs.
Let D = (V , A) be a connected oriented graph. A vertex v is said to dominate (or out-dominate) itself together with all
vertices adjacent from v. A set S ⊆ V is a dominating set for D if every vertex in D is dominated by some vertex in S. The
domination number γ (D) is the minimum cardinality of a dominating set in D. A dominating set of cardinality γ (D) is called
a minimum dominating set of D. The converse D∗ of an oriented graph D has the same vertex set as D and the arc (u, v) is in
D∗ if and only if the arc (v, u) is in D. The following was established in [17].
Theorem 35 ([17]). For the 2-stratified oriented graphs D1 and D2 of EP2,
γ (D) = γD1(D) and γD2(D) = γD1(D∗)
for every oriented graph D.
By Theorem 35, we need not be concerned with studying F-domination for a connected oriented graph F of order 2 and
so we proceed to consider F-domination for 2-stratified connected oriented graphs F of higher order.
8.1. Realization results on H-domination
There are six 2-stratified paths of order 3 as shown in Fig. 14, again where the solid vertices are red vertices and empty
vertices are blue vertices.
As with graphs, each of these 2-stratified oriented graphs in Fig. 14 gives rise to a domination parameter in digraphs. In
this section, we focus on the 2-stratified oriented graph H1 which was studied in [17]. To simplify the notation, we write
H = H1. Necessarily, the only blue vertex in H is the root of H . Since H has two red vertices, it follows that if D is a digraph of
order n ≥ 2, then 2 ≤ γH(D) ≤ n. Those oriented graphs D of order nwith γH(D) = 2 or γH(D) = n have been determined
in [15,17]. An oriented graph D is antidirected if every vertex of D has outdegree 0 or indegree 0.
Theorem 36 ([15,17]). Let D be a connected oriented graph of order n ≥ 3. Then:
(a) γH(D) = n if and only if D is antidirected;
(b) γH(D) = 2 if and only if D contains a vertex v with id v = 1 and od v = n− 2.
It was shown in [17] that that every pair k, n of integers with 2 ≤ k ≤ n is realizable as the H-domination number and
order respectively of some connected oriented graph.
Theorem 37 ([17]). For each pair k, n of integers with 2 ≤ k ≤ n, there exists a connected oriented graph D of order n with
γH(D) = k.
Avertex v is said to totally dominate (or totally out-dominate) all vertices adjacent from v. A set S ⊆ V is an total dominating
set for D if every vertex in D is totally dominated by some vertex in S. The total domination number γt(D) is the minimum
cardinality of a total dominating set in D. A total dominating set of cardinality γt(D) is called aminimum total dominating set
of D. Then the total domination number γt(D) is defined for an oriented graph D if and only if id x ≥ 1 for every vertex x in D.
Furthermore, it is known that if D is an oriented graph for which γt(D) is defined, then γt(D) ≥ 3. Relationships among the
H-domination number, domination number, and total domination number of an oriented graph were established in [17].
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Theorem 38 ([17]). Let D be an oriented graph for which γt(D) is defined. For the 2-stratification H of EP3,
γ (D) ≤ γH(D) ≤ γt(D) ≤
⌊
3γH(D)
2
⌋
.
Furthermore, for each integer k ≥ 3, there is an oriented graph D for which
γ (D) = γH(D) = γt(D) = k.
By Theorem 38, if D is a connected oriented graph with γ (D) = a and γH(D) = b, then a ≤ b and b ≥ 2. It was shown in
[17] that every pair a, b of positive integers with a ≤ b and b ≥ 2 is realizable as the domination number and H-domination
number of some connected oriented graph D, as we state next.
Theorem 39 ([17]). For every pair a, b of positive integers with a ≤ b and b ≥ 2, there exists a connected oriented graph D such
that γ (D) = a and γH(D) = b.
Although every pair a, b of positive integers with a ≤ b and b ≥ 2 is realizable as the domination number and
H-domination number of some connected oriented graph, this is not the case for the H-domination number and total
domination number. The following characterization of those pairs b, c of integers with 2 ≤ b ≤ c that are realizable as
the H-domination number and total domination number of some connected oriented graph was established in [17].
Theorem 40 ([17]). Let b and c be integers with 2 ≤ b ≤ c. Then there exists a connected oriented graph D such that γH(D) = b
and γt(D) = c if and only if (b, c) = (2, 3) or 3 ≤ b ≤ c ≤
⌊ 3b
2
⌋
.
Theorems 39 and 40 suggest the following question: For which triples a, b, c of positive integers with a ≤ b ≤ c , does
there exist a connected oriented graph D such that γ (D) = a, γH(D) = b, and γt(D) = c? We have seen that if D is a
connected oriented graph for which γt(D) exists, then γH(D) ≥ 2, γt(D) ≥ 3, and
1 ≤ γ (D) ≤ γH(D) ≤ γt(D) ≤ min
{
2γ (D),
⌊
3γH(D)
2
⌋}
.
For this reason, by a triplewe mean an ordered triple (a, b, c) of positive integers with
a ≤ b ≤ c ≤ min
{
2a,
⌊
3b
2
⌋}
, b ≥ 2, and c ≥ 3.
Furthermore, a triple (a, b, c) is defined to be realizable if there is a connected oriented graph D such that γ (D) = a,
γH(D) = b, and γt(D) = c. The following facts have been established in [15].
• For every integer c ≥ 4, no triple (2, 2, c) is realizable.
• A triple (k, k, k) is realizable if and only if k ≥ 3.
• Every triple (a, b, c)with a ≥ 2 such that a = b or b = c is realizable.
• Every triple (a, b, c)with 3 ≤ a < b < c ≤ min {2a, ⌊ b2⌋+ a− 1} is realizable.
We close this section with the following open question.
Problem 1. Which triples (a, b, c)with 2 ≤ a < b < c and
min
{
2a,
⌊
b
2
⌋
+ a− 1
}
< c ≤ min
{
2a,
⌊
3b
2
⌋}
are realizable?
8.2. H-domination in regular oriented graphs
For a nonnegative integer r , a connected oriented graph D = (V , A) is said to be r-regular if id v = od v = r for every
v ∈ V . If D is a connected r-regular oriented graph of order n, then the underlying graph of D is 2r-regular. Thus n ≥ 2r + 1
and so r ≤ ⌊ n−12 ⌋. We have seen that if D is a connected oriented graph of order n ≥ 2, then 2 ≤ γH(D) ≤ n. Moreover,
by Theorem 37, for each pair k, n of integers with 2 ≤ k ≤ n, there exists a connected oriented graph D of order n with
γH(D) = k. However, this is not the case for r-regular connected oriented graphs; that is, for fixed positive integers r and n
with n ≥ 2r + 1, there are pairs k, n of integers with 2 ≤ k ≤ n such that there is no connected r-regular oriented graph of
order nwith γH(D) = k, as we will see in this section.
If r = 1, then the directed n-cycle ECn is the only connected 1-regular oriented graph of order n ≥ 3 and
γH(ECn) =
⌈
2n
3
⌉
.
For r ≥ 2, a sharp lower bound for the H-domination number of a connected r-regular oriented graph of order n was
established in [17] in terms of r and n.
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Theorem 41 ([17]). Let r ≥ 2 be an integer. If D is a connected r-regular oriented graph of order n ≥ 2r + 1, then
γH(D) ≥ min
{
n+ r
1+ r ,
n
r
}
.
Since (n+ r)/(1+ r) ≤ n/r if n ≥ r2, it follows that if D is a connected r-regular oriented graph of order n ≥ r2, where
r ≥ 2, then γH(D) ≥ (n+ r)/(1+ r). In fact, more can be said.
Theorem 42 ([17]). For each integer r ≥ 2, there exist an integer n ≥ r2 and a connected r-regular oriented graph D of order
n such that
γH(D) = n+ r1+ r = min
{
n+ r
1+ r ,
n
r
}
.
Theorem 43 ([17]). For each integer r ≥ 2, there exist an integer n with 2r + 1 ≤ n ≤ r2 and a connected r-regular oriented
graph D of order n for which
γH(D) = nr = min
{
n+ r
1+ r ,
n
r
}
.
An upper bound for the H-domination number of a connected r-regular oriented graph of order n in terms of r and nwas
also established in [17].
Theorem 44 ([17]). Let r ≥ 2 be an integer. If D is a connected r-regular oriented graph of order n, then
γH(D) ≤ n−
⌈
3r
2
⌉
+ 1.
We close with the remark that both equality and strict inequality in the upper bound of Theorem 44 are possible.
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